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A SIMPLE PROOF OF THE ERGODIC
THEOREM USING NONSTANDARD ANALYSIS

BY
TETURO KAMAE

ABSTRACT

A simple proof of the individual ergodic theorem is given. The essential tool is
the nonstandard measure theory developed by P. Loeb. Any dynamical system
on an abstract Lebesgue space can be represented as a factor of a *“‘cyclic”
system with a hyperfinite cycle. The ergodic theorem for such a “cyclic” system
is almost trivial because of its simple structure. The general case follows from
this special case.

We consider a countably saturated nonstandard model [1]. Let k be a
nonstandard positive hyperinteger and K be the set of nonnegative hyperinte-
gers less than k. Let K be the set of all internal subsets of K. The o-field
generated by K is denoted by o(K). It is known that there exists a unique
probability measure P defined on (K, o (K)) satisfying

(3

for any B € K, where “#” denotes the internal cardinality and “°”’ denotes the
standard part mapping. Let B be the P-completion of o (K). Thus (K, B, P)is a
complete probability space.

LeEmMMA 1 (P. Loeb [2]). For any real-valued integrable function f on (K, B, P)
and € >0 (standard), there exist internal functions F and G such that

(1) G(x)=f(x)=F(x) for all x €K, and

@) |faf(x)dP(x)— (1/k)*ZicaF(x)| <e, |faf(x)dP(x) = (1/k)*Zen G(x)| <
€ for any internal subset B of K.

Let ¢ be the transformation on K such that
x+1 (x<k-1),
e(x) =
0 (x = k —1).
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Then it is clear that ¢ preserves P. Such a dynamical system (K, B, P, ¢) will be
called a universal system since, as is proved later, any measure preserving
transformation on an abstract Lebesgue space is a factor of it.

THeoREM 1 (Ergodic Theorem for a universal system). For any f€
LI(K, B, P)s

n . 1 n—l1 ;
fe)y=tim — ¥ f(e'x)
n— i=0
exists for almost all x € K and is integrable (w.r.t. P). Moreover,
[ foraper= [ rape

ProoF. We may assume that f(x)= 0 for any x € K since the general case
follows from this special case. Let

_ _ 1 n-1 )
fa)=lim = 2, f(e'x),

F&)=lim LS (),

no N

To prove our theorem, it is sufficient to prove that f is integrable and

ff'(x)dP(x)gff(x)dP(x)gf_f(x)dP(x).

Take any £ > 0 and a large integer M (both standard). By Lemma 1, there exist
internal functions F and G on K satisfying
(1) f(x)=F(x) and G(x)= f(x)a M for all x €K, and
() [faf(x)dP(x)— (1/k)*Z,csF(x)| < e and
|faf(x)A MdP(x)— (1/k)*Z.es G(x)| < &
for any internal subset B of K. For any x € K| there exists a positive integer n
(standard) such that

_ 1 n—1 ;
foynM=22 fle)te
Therefore, for m =0,1,---,n —1, it holds that

Gle™)=fle™x)A M

§%:=Z_;f((p‘x)+s

n—1

é%*z F(e'x)+e.

i=0



286 T. KAMAE Ist. J. Math.
Thus,

n—1 n—1
(*) * 2 Ge'x)=" 2 F(o'x)+ne.

= i=0
For any x € K, let T(x) be the least positive hyperinteger n satisfying (*) or k if
such n does not exist. Then, T is an internal function such that T(x) is a
standard integer for any x € K. Therefore,

r=max Tx)

exists and is standard. Let T, =0 and for positive hyperintegers j, define T;
(hyper-)inductively by

T, = T,-:+ T(Tj-).
Let J be the first j such that k —r = T; < k. Then it holds that
1 1,0, K ,_
L% 60=1+3 'S 6

=13 (8 Femy+ Tn)e)

Therefore,

f fx)a MdP(x)=J: f(x) A MdP(x)

=x<T;}

éf(o , f(x)dP(x)+ 3¢

f(x)dP(x)+3e.

".
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Letting M 1 « and then ¢ | 0, we have

[ Foape)= [ ferapco)

Since f is integrable, f is also integrable. By Lemma 1, for any & > 0 (standard),
there exist internal functions G and H such that
(1) G(x)=f(x) and f(x)= H(x) for any x €K, and
() |fsf(x)dP(x)— (1/k)*Z,esG(x)|< e and
Ifo(x)dP(x)—(1/k)*2x58H(x)| <eg
for any internal subset B of K. The same argument as above leads us to the
conclusion that

ff(x)dP(x)éJ_f(x)dP(x).

Thus we have

[ Fwyape= [ ferap)
which completes the proof.

CoroLLARY (Ergodic Theorem). Let T be a measure preserving transforma-
tion on a probability measure space (), A, ). Then for any f € L,(), A, ),

" . 1 n—1 .
flw)=lim — ;f(T'w)
exists for almost all 0 €Q (w.r.t. u) and [ fdp = [ fdp.

ProOF. Let N be the set of nonnegative integers. Let ¢ be the shift on the
product space RY; i.e. (ca)(n)=a(n +1) for any « ER" and n € N. Define
7:Q—>R"Y by 1(w)(n)=f(T"w) for any @ €Q and n EN. Let v be the
probability measure on (R, C) induced by u through 7, where C is the Borel
field on R™. Let m :R"—R be the 0-th coordinate mapping; i.e. 7(a)= a(0).
Then, our corollary is equivalent to the statement that

n—1
7 (a)=lim % > w(o'e)
n—o® i=0
exists for almost all @« ERY (w.r.t. v) and [#dv = [ wdv. Therefore, it is
sufficient to prove that (R", C, v, o) is a factor of some universal system in virtue
of Theorem 1; i.e. there exists a universal system (K, B, P,¢) and a measure
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preserving transformation g : (K, B, P)— (RY, C, v) such that g(¢(x)) = o(g(x))
for almost all x € K (w.r.t. P). Thus, our corollary follows from the following
theorem.

THEOREM 2. Let (£, A, p) be a normalized abstract Lebesgue space and T be
a measure preserving transformation on it. Then, (O, A, u, T) is a factor of any
universal system (K, B, P, ¢).

Proor. There exists an isomorphism h from the probability space ({2, A, )
to ([0, 1], D, o), where D is the Borel field on [0, 1] and A is a probability Borel
measure on [0, 1]. Define r : Q— [0, 1]" by r(w)(n) = h(T"w) for any o € 2 and
n € N. Let v be the measure on ([0, 1}¥, C) induced by u through r, where C is
the Borel field on [0,1]" It is clear that the dynamical system (), A, u, T) is
isomorphic to ([0,1]Y, C, »,0), where o is the shift on [0, 1]*. We recall that
a €[0,1]" is typical for v, if

n-1
im 2 S flo'a)= f fdv

a=x N iShH

holds for any f € C([0, 1]¥). We will prove later that a typical element exists for
any shift invariant probability measure on ([0, 1]*, C). Take a typical element «
for ». Define g:K—|[0,1]" by g(x)=°%0c’a) for any x €K, where
a*a € *([0,1]") is the value of the natural extension of the mapping n » o"a
from N to [0,1]" at x €*N. Take any f & C([0,1]"). Then, since °f(c*a)=
f(g(x)) for any x € K, it holds [1], [2] that

[ 1 =1im LS pioay == (15 o)) = [ pigtenapior

=0
Thus, g is measure preserving. Since ¢ is continuous, it holds that

o(gx))=o(o’a)="0(c’a)="0""a =g(x +1)=g(¢(x))

for any x € K except for x = k —1. Thus, ([0,1])%, C, v,0) and (0, A, u, T) are
factors of (K, B, P, ¢).

LemMMA 2. Let v be a a-invariant probability measure on ([0, 1], C), where o
is the shift on [0,1]" and C is the Borel field on it. Then, there exists a typical
element for v.

Proor. Various proofs are known for this lemma. Here, we reproduce J.
Ville’s proof [3] which does not use the ergodic theorem. We take a sequence of
periodic elements &, (n = 1,2,---)in [0, 1]" such that u, converges weakly to v
as n —«, where
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by = o o+ 8oy #4800,
¢, being a period of a, and 8, denoting the Dirac measure at a € [0, 1]*. This
can be done as is shown later. Then, the following « is typical for v provided that
the sequence ¢, (n =1,2,---) of positive integers is selected so as to increase
sufficiently fast:

a(n)=a.(n—T,)

for any n€N with T,=n<T,,, where Ty=0 and T,=T_. +cut
(i=1,2,---). All we have to prove is that for any neighbourhood U of »
in the weak topology of the space of Borel measures on [0,1]", there exists a
periodic element B € [0, 1]¥ such that u, € U. There exist positive integers m, n
and a positive number 8 such that if a Borel measure u on [0,1]" satisfies
[ (B)— v(B)|< 8 for any subset B of the form
{&,&ii]x.”x[E:,E:il]me]wa]x~u
m m m

m

where jo, i, ", j. 1 are integers from 0 through m — 1, then u € U. Let

Ez{l 3 “'2m—1y

2m'2m’ " 2m
Let A be the measure on 2" such that

A((fo+% _,.’jn—l+%))= V([fng’b%]xx[lﬁh%l]x[oux)

’

m m
for any integers jo,fi,* . j. 1« from O through m —1. Since v is o-invariant, A
satisfies
(#) 2 MGt b)) = 2 MG 6y b))
£EX $0EZ

forany &,,- - -, &1 € 2. Let N be a sufficiently large integer. We modify A a little
to get such a probability measure A on 3" that
(1) for any ¢ € 3", NA(£)is a positive integer such that | A (£) — A (¢)| < 8, and
(2) (#) holds for A in place of A.
This can be done because
(i) rational points are dense in the set of points (A (&, -, & 1); &, -, &1 €
3) satisfying (#) together with

(*) E . Ao, &)= 1, and

£0. 0 €n . | E
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(ii) there exists a solution of (#) together with (*) satisfying A (&, -+, &)=
m " >0 for any &, -+, & EZ.
Take a longest sequence &', &',---,¢" ' of elements in 2" such that

(1) (i, -+, & )=(&', -, &) forany i =0,1,--+,r—1, and

Q) #{i;0=i<r & =¢=NA(E) for any £ €3,
where ¢ = (&), €4-) (i=0,1,---,r) and ¢ = ¢&°.

Then, by a graph-theoretical consideration, it is not difficult to prove that the
equality holds in the above inequality in (2) for any £ € %" Let 8 be the periodic
element in [0,1]" with period n +r—1 defined by

(B(O)v B(l), T B(n + r— 2)) = (6:;9 (l)s T §:—1, §:|—Iv gi | EIA §:|‘—l| .
Then, it holds that u,; € U.
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